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Abstract
The structure of a self-injective algebra A, which has a simple complement S such that the en-
domorphism algebra EndA(A ⊕ S) is standardly stratified, is determined by giving its quiver and
relations.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Quasi-hereditary algebras have been defined by Cline, Parshall and Scott (see [4]) in or-
der to deal with highest weight categories as they arise in the representation theory of com-
plex semi-simple Lie-algebras and algebraic groups. By employing the quasi-heredity, the
structure of a basic connected symmetric algebra A, which has an indecomposable quasi-
heredity complement M (that is, M is an indecomposable A-module and EndA(A⊕M) is
quasi-hereditary), has been determined by giving its quiver and relations in [13]. This result
has been applied to Schur algebras Sk(n,p) with n p = chark to determine their struc-
ture. And the result has been applied subsequently to the study of q-Schur algebras of finite
representation type in [14]. Recently, in [12] the author generalized the result of [13] and
* Current address: Institute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy
of Sciences, Beijing 100080, PR China.E-mail address: dwwen@amss.ac.cn.
0021-8693/$ – see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2005.05.034
56 D. Wen / Journal of Algebra 291 (2005) 55–71determined the structure of self-injective algebras with an indecomposable quasi-heredity
complement.
As a generalization of quasi-hereditary algebras, standardly stratified algebras were in-
troduced (see [1,2,5,15]). They arise also in the studies of representations induced from
simple modules over parabolic subalgebras and the corresponding parabolic generaliza-
tions O(P,Λ) of O. Similar to what occurs in category O, there is a block decomposition
ofO(P,Λ), and the representation theory of those blocks corresponds to the representation
theory of standardly stratified algebras, or even properly stratified algebras (see [8,9]).
Note that the concept of standardly stratified algebras is an approach towards gener-
alizing quasi-hereditary algebras. Motivated by the results of [12,13], we consider the
following question. Given a basic connected self-injective algebra A. Suppose there is an
indecomposable A-module M such that EndA(A ⊕ M) is a standardly stratified algebra.
Can we determine the quiver and relations of the algebra A? In this paper, we answer this
question partially and generalize the result of [12].
To state our main theorem, it is convenient to introduce some notions about basic alge-
bras and quivers. Given a quiver Q = (Q0,Q1). Denote by ei the path of length 0 from
the vertex i to itself for all i ∈ Q0. Let i, j ∈ Q0. A relation is a finite linear combination∑
p cpp with cp ∈ k, where p are paths of length  2 from i to j . Let Qop = (Qop0 ,Qop1 )
be the opposite quiver, with the same set of vertices Qop0 = Q0, and with a bijection (−)op
between the arrows of Q and those of Qop such that αop : j → i if and only if α : i → j .
Given a path p = α1 · · ·αl , let pop = αopl · · ·αop1 . In particular, let eopi = ei . Given a rela-
tion ρ =∑p cpp, let ρop =∑pop cpoppop. It is well known that a basic algebra A over
an algebraically closed field is given by a quiver Q and an admissible ideal I , that is,
A = kQop/I op. For a path p, let Apop = kQoppop/(kQoppop ∩ I op). For more informa-
tion on quivers we refer to [10].
With these notions in hand, we can state our main result as follows.
Theorem 1.1. Suppose that A is a basic connected self-injective k-algebra, where k is an
algebraically closed field. Then there is a simple A-module S such that EndA(A ⊕ S) is
standardly stratified if and only if A is isomorphic to one of the following algebras:
(i) a local self-injective algebra;
(ii) a weakly symmetric algebra B = kQop/I op given by the quiver Q:
   . . . . . .



 


α1 α2 αn−1
β2,1
...
β2,l2
β1,1
...
β1,l1
βn−1,1
...
βn−1,ln−1
1 2 3 n−1 n



···
γ1
γl
n 2, l  0,
l1, . . . , ln−1 ∈ N,
,
with an admissible ideal I which contains the ideal generated by the relations:
γiα1, β1,sγi for 1 i  l, 1 s  l1 and
αiαi+1, βi+1,sβi,t for 1 i  n − 2, 1 s  li+1, 1 t  li ,
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n − 1 and Bαopn−1  Ben/Soc(Ben);
(iii) an algebra B given by the quiver:

 





. . . . . . . . .

	 


with rad2(B) = 0;
(iv) a self-injective algebra B = kQop/I op which is not weakly symmetric and given by
the quiver Q:
 
1 2
, l  0,



 ···
γ1
γl
with an admissible ideal I such that rad(Be1)  Be2/Soc(Be2).
By this theorem, it is easy to get the result in [12]. But such endomorphism algebra in
Theorem 1.1 may not be quasi-hereditary in general.
The paper is organized as follows. In the next section, we recall some definitions and
basic properties which we will need. In Section 3, we consider the case where A is local.
The proof of Theorem 1.1 is given in Sections 4 and 5. And a corollary of our main result
will be given in Section 5 also.
Throughout the paper, we always suppose that algebras are finite dimensional k-algebras
over an algebraically closed field k, and modules are finitely generated left modules.
2. Preliminaries
In this section, we recall some basic definitions and results about standardly stratified
algebras and self-injective algebras, which are needed in our discussion.
For an algebra A, let A-mod denote the category of A-modules and let P(A) denote the
full subcategory of A-mod consisting of all projective A-modules. For an A-module M ,
let LL(M) denote the Loewy length of M . The radical of M , denoted by rad(M), is the
intersection of the maximal submodules of M . The top of M , Top(M), is the maximal
semi-simple factor module of M . And the socle of M , denoted by Soc(M), is the maximal
semi-simple submodule of M .
Given an algebra A, let {eλ | λ ∈ Λ} be a complete set of primitive orthogonal idem-
potents of A and let the indecomposable projective module P(λ)  Aeλ and the simple
module S(λ)  Aeλ/ rad(Aeλ) for λ ∈ Λ. Assume that (Λ,) is a poset, where “” is a
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with composition factors of the form S(µ), µ λ, that is,
∆(λ) = P(λ)/ trace⊕µλP (µ)
(
P(λ)
)
.
And the proper standard module ∆¯(λ) is the maximal factor module of ∆(λ) such that the
multiplicity condition [∆¯(λ) : S(λ)] = 1 holds. By ∆ (respectively ∆¯) we shall denote the
set of all standard (respectively proper standard) modules.
Remark. It is easy to show that Hom(∆(λ),∆(µ)) = 0 for λ  µ and Ext1(∆(λ),
∆(µ)) = 0 for λ µ.
For a subclass S of A-modules, denote by F(S) the full subcategory of A-mod con-
sisting of those A-modules for which there exists a filtration such that the corresponding
factor modules belong to S . Recall that an algebra A with a poset (Λ,), denoted by
(A,), is said to be quasi-hereditary if End(∆(λ))  k for each λ ∈ Λ and AA ∈ F(∆).
We call (A,) a (left) standardly stratified algebra if AA ∈ F(∆) (see [1,6,11,15]). If in
addition AA ∈F(∆¯), then (A,) is called properly stratified (see [1,7]).
An algebra A is said to be self-injective if the projective A-modules coincide with the
injective A-modules. And A is weakly symmetric if the projective cover of any simple
A-module is just its injective hull.
Next we will start to prove Theorem 1.1. First, let us start our consideration with a
relatively simple case.
3. Local algebras
In this section we consider a special case of Theorem 1.1 where A is a local algebra,
that is, A has a unique maximal ideal. It is easy to see that for a basic local self-injective
algebra A and a simple A-module S, the endomorphism algebra E := EndA(A ⊕ S) is
standardly stratified. In fact, for any basic local algebra (which may not be self-injective),
we have the following proposition.
Proposition 3.1. If A is a basic local algebra and S is a simple A-module, then E =
EndA(A ⊕ S) is standardly stratified.
Proof. If A is a simple algebra, then E is simple too. Hence E is quasi-hereditary. In
particular, it is standardly stratified.
Suppose A is not simple. Let
e1 =
(
idA 0
0 0
)
and e2 =
(
0 0
0 idS
)
.
Thus 1E = e1 + e2 and e1, e2 are primitive orthogonal idempotents. And we also have
E = Ee1 ⊕Ee2, where Ee1, Ee2 are indecomposable projective E-modules. We define an
order “” on the index set {1,2}: 1 < 2.
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Ee2Ee1 = traceEe2(Ee1) 
⊕m
i=1 Ee2 for some m ∈ N.
Since A is local, we may assume that Soc(AA) =⊕ni=1 Si , where Si  S. Let
λi :=
(
0 0
λ′i 0
)
∈ E
where λ′i denotes the composition of morphisms of A-modules
S
∼→ Si ↪→A A, 1 i  n.
And we define the morphisms of E-modules
fi :Ee2 → Ee1, 1 i  n,
x 	→ xλi.
Hence {fi | 1 i  n} is a basis of HomE(Ee2,Ee1). Then there is an epimorphism
f =


f1
...
fn

:
n⊕
i=1
Ee2 → Ee2Ee1.
Since dimk Ee2Ee1 = 2n = dimk⊕ni=1 Ee2, we get that f is an isomorphism. That is,⊕n
i=1 Ee2  Ee2Ee1. 
Remark. Since dimk Ee2 = 2 and [Ee2 : SE(1)] 
= 0, it is easy to see that [∆E(2) :
SE(2)] = 1 and ∆¯E(2) = ∆E(2). Thus E must be properly stratified in this case.
By Proposition 3.1, it is enough to consider the case where A is not local when we prove
the necessity of Theorem 1.1.
4. Proof of the necessity
Now we prove the necessity of our theorem. First we will give some lemmas, and after-
wards we will start our proof by distinguishing two cases.
Let us give some notations. In this section, we always assume that the basic alge-
bra A = kQop/I op is connected self-injective and not local, and there exists a simple
A-module S such that (E,) is standardly stratified, where E := EndA(A ⊕ S) and “”
is a total order on the isomorphism classes of indecomposable projective E-modules.
Let AA = ⊕ni=1 PA(i), where PA(i) is an indecomposable projective A-module, and
let SA(i) = PA(i)/ radPA(i). Thus PE(i) := HomA(A ⊕ S,PA(i)), 1  i  n, and
PE(n + 1) := HomA(A ⊕ S,S) are indecomposable projective E-modules and EE =
PE(1) ⊕ · · · ⊕ PE(n) ⊕ PE(n + 1). Then “” is also a total order on {1,2, . . . , n, n + 1}.
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is the natural order “”. Since S is a simple A-module and A is self-injective, there exist
some m and t such that S = Soc(PA(m))  SA(t). In the following part of this section, we
will show that A must be isomorphic to one of algebras in the list (ii)–(iv).
Under the above assumption, we have the following lemmas.
Lemma 4.1. There exists some 1 i0 < n such that [PA(i0) : SA(n)] 
= 0.
Proof. Since A is connected and not local, there exists some arrow from j to n or some
arrow from n to j in Q for some 1  j < n. As A is self-injective, there exists some
1 l  n such that Soc(PA(l))  SA(n). If l = n, then PA(n) is also the injective hull of
SA(n) and moreover there is some 1 i < n such that [PA(i) : SA(n)] 
= 0. If l 
= n, then
there must be some 1 i < n such that [PA(i) : SA(n)] 
= 0. So there always exists some
1 i0 < n such that [PA(i0) : SA(n)] 
= 0. 
Lemma 4.2. “” is the natural order “” on {1,2, . . . , n, n + 1}.
Proof. Otherwise, we know that n  i for any 1  i  n + 1 since the order restricted
on {1,2, . . . , n − 1, n} by “” is the natural order. Then ∆E(n) = PE(n). Since (E,) is
standardly stratified, we have that [PE(i) : ∆E(n)] 
= 0 if and only if [PE(i) : SE(n)] 
= 0
for any 1 i  n + 1.
By Lemma 4.1, there is some 1  i0 < n such that [PA(i0) : SA(n)] 
= 0. That is,
HomA(PA(n),PA(i0)) 
= 0. Since add(A ⊕ S) ≈ P(E), we have that HomE(PE(n),
PE(i0)) 
= 0, that is, [PE(i0) : SE(n)] 
= 0. Therefore, [PE(i0) : ∆E(n)] 
= 0.
Since E is standardly stratified, there exists a monomorphism f ′ :PE(n) = ∆E(n) ↪→
PE(i0) by the ∆-filtration of PE(i0). As add(A ⊕ S) ≈ P(E), there exists a morphism
f :PA(n) → PA(i0) such that f ′ = Hom(A ⊕ S,f ).
We claim that f is a monomorphism. Let x ∈ PA(n) such that f (x) = 0. There are
canonical projection morphisms
ρ =
(
idA
0
)
:A ⊕ S → A,
and g′ :A → Ax and a canonical injection λ :Ax → PA(n). Let g = ρg′λ. We have that
g ∈ PE(n) and f ′(g) = gf = 0. Thus g = 0 by f ′ is a monomorphism. Hence Im(g) =
Ax = 0, that is, x = 0. So f is also a monomorphism.
Since A is self-injective, we have Soc(PA(n))  Soc(PA(i0)). Because A is basic, we
see that i0 = n. It is a contradiction.
Therefore “” is the natural order “.” 
We also need the following lemma (see [13, Lemma 2.1]).Lemma 4.3. If P is an indecomposable projective A-module, then Soc(P ) is an ideal of A.
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PA(1) ⊕ · · · ⊕ PA(m − 1) ⊕ PA(m)/Soc(PA(m)) ⊕ PA(m + 1) ⊕ · · · ⊕ PA(n). By
Lemma 4.3, A¯  E/Een+1E where
en+1 =
(
0 0
0 1
)
:A ⊕ S → A ⊕ S.
Since (E,) is standardly stratified, A¯ is standardly stratified with the induced order. In
the sequel we will show that algebra A is isomorphic to one algebra in (ii), (iii) or (iv) by
A¯ being standardly stratified.
In the following part of this section, we prove the necessity of Theorem 1.1 by distin-
guishing two cases: S 
 SA(n) or S  SA(n).
Case 1. S 
 SA(n).
In this case, first we prove that m = n and ∆A¯(n) has just one or two isomorphism
types of composition factors. This leads to distinguishing two cases, and we will show that
A must be isomorphic to one of the algebras in (iii) and (iv) by considering these two cases
respectively.
Now let us see some lemmas.
Lemma 4.4. m = n.
Proof. Otherwise, m  n − 1 and ∆A¯(n) = PA(n) is projective. By Lemma 4.1, there
exists an i0 < n such that [PA(i0) : SA(n)] 
= 0. Because S 
 SA(n), we get that [PA¯(i0) :
SA¯(n)] 
= 0. Then [PA¯(i0) : ∆A¯(n)] 
= 0 since (A¯,) is standardly stratified.
By the trace filtration of PA¯(i0), there is a monomorphism PA(n) = ∆A¯(n) ↪→ PA¯(i0).
Since PA(n) is injective and PA¯(i0) is indecomposable as A-modules, we have that
PA¯(i0)  PA(n). Then Top(PA(i0)) = Top(PA¯(i0))  TopPA(n). Hence i0 = n by A be-
ing basic. It is a contradiction.
Then m = n. 
Lemma 4.5. Soc(∆A¯(n))  SA¯(n) and there is a unique j0 such that j0 < n and [PA¯(j0) :
SA¯(n)] 
= 0.
Proof. By Lemma 4.4, S = Soc(PA(n))  SA(t) 
 SA(n). Since A is self-injective, there
is some j0 < n such that Soc(PA(j0))  SA(n), that is, Soc(PA¯(j0))  SA¯(n). As A¯ is
standardly stratified, then [PA¯(j0) : ∆A¯(n)] 
= 0. By the trace filtration of PA¯(j0), we get
that Soc(PA¯(j0)) ⊇ Soc(∆A¯(n)). Thus Soc(∆A¯(n))  Soc(PA¯(j0))  SA¯(n).
Next we show that such i0 is unique. If there is j < n such that [PA¯(j) : SA¯(n)] 
= 0, then[PA¯(j) : ∆A¯(n)] 
= 0. By the ∆-filtration of PA¯(j), we have Soc(PA¯(j))  Soc(∆A¯(n)) 
SA¯(n), that is, Soc(PA(j))  SA(n)  Soc(PA(j0)). Since A is basic self-injective, we
have that j = j0. Thus there is a unique j0 such that j0 < n and [PA¯(j0) : SA¯(n)] 
= 0. 
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Soc2(PA(n))/Soc(PA(n))  SA(n) and [PA(j) : SA(n)] = 0 for any j 
= i0 and n. And
moreover, we see that there is an arrow from n to t .
The following corollary implies that the composition factors of ∆A¯(n) are at most two
isomorphism types.
Corollary 4.6. If [∆A¯(n) : SA¯(i)] 
= 0, then i = n or t .
Proof. Assume there exists some i 
= n such that [∆A¯(n) : SA¯(i)] 
= 0. Hence there is a
morphism of A¯-modules f :PA¯(i) → ∆A¯(n). Since Soc(∆A¯(n))  SA¯(n), we have that
Soc((PA¯(i))/kerf )  SA¯(n), and moreover, [PA¯(i) : SA¯(n)] 
= 0. By Lemma 4.5, we
know that i = j0.
Since Soc(∆A¯(n))  SA¯(n) and [∆A¯(n) : SA¯(j0)] 
= 0, we get that LL(∆A¯(n))  3.
As there is an arrow from n to t in Q, we see that [PA¯(n) : SA¯(t)] 
= 0, that is, [∆A¯(n) :
SA¯(t)] 
= 0. By the above argument, we have that j0 = t . 
By the above corollary, there are two cases to be considered: [∆A¯(n) : SA¯(t)] = 0 or[∆A¯(n) : SA¯(t)] 
= 0. And we get two propositions respectively. Now let us see the first
case.
Proposition 4.7. Let A = kQop/I op be connected self-injective and not local. Suppose
that S = Soc(PA(n))  SA(t) where t 
= n and (A¯ = A/S,) is standardly stratified. If
[∆A¯(n) : SA¯(t)] = 0, then Q is the quiver

 





. . . . . . . . .

	 


and rad2(A) = 0.
In order to prove the above proposition, let us recall a well-known lemma about self-
injective algebras (see [3, Lemma 4.3]).
Lemma 4.8. If A is a connected self-injective algebra and P is an indecomposable projec-
tive A-module of length 2, then each indecomposable projective A-module has length 2.
Proof of Proposition 4.7. We claim that LL(PA(n)) = 2. Since [∆A¯(n) : SA¯(t)] = 0,
Corollary 4.6 implies that ∆A¯(n) ∈ F(SA¯(n)). If LL(∆A¯(n))  2, then LL(PA(n))  3.
As there exists an arrow from n to t in Q, it is easy to see that [PA(n)/Soc(PA(n)) :
SA(t)] 
= 0, that is, [∆A¯(n) : SA¯(t)] = [PA¯(n) : SA¯(t)] 
= 0. It is a contradiction. Hence we
have that LL(∆A¯(n)) = 1. Then ∆A¯(n) = n and PA(n) = nt .
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A-module of length 2, we have that PA(i) has length 2 for each 1 i  n by Lemma 4.8.
Then rad2(A) = 0. Because A is connected self-injective, Q must be the quiver

 
. 




. . . . . . . . .

	 


The above proposition shows that if [∆A¯(n) : SA¯(t)] = 0, then A is in (iii). Now, let us
consider the case where [∆A¯(n) : SA¯(t)] 
= 0.
Proposition 4.9. Let A = kQop/I op be connected self-injective and not local. Assume
that S = Soc(PA(n))  SA(t) where t 
= n and (A¯ = A/S,) is standardly stratified. If
[∆A¯(n) : SA¯(t)] 
= 0, then A is not weakly symmetric and given by the quiver Q
 
1 2
, l  0,



 ···
γ1
γl
with the admissible ideal I such that rad(PA(1))  PA(2)/Soc(PA(2)).
Proof. Claim 1. n = 2.
Since Soc(∆A¯(n))  SA¯(n) and [∆A¯(n) : SA¯(t)] 
= 0, we know that [PA¯(t) : SA¯(n)] 
= 0.
By Lemma 4.5, we get that t = j0 and Soc(PA¯(t)) = Soc(PA¯(j0))  SA¯(n), that is,
Soc(PA(t)) = Soc(PA(j0))  SA(n). By the uniqueness of j0, we have that [PA(t) :
SA(j)] 
= 0 if and only if j = t or n. By Corollary 4.6, we have that [PA(n) : SA(j)] 
= 0 if
and only if j = t or n. Hence {PA(t),PA(n)} ⊆F(SA(t), SA(n)) and Soc(PA(t))  SA(n)
and Soc(PA(n))  SA(t). Since A is self-injective, it is easy to see that for any i 
= t and n,
there is no arrow from t to i, no arrow from i to t , no arrow from n to i, no arrow from
i to n in Q. And we also have that there exist an arrow from t to n and an arrow from
n to t . As A is connected, then n = 2 and t = 1. Hence AA = PA(1) ⊕ PA(2), where
Soc(PA(1))  SA(2), Soc(PA(2))  SA(1) and (A¯ = PA(1) ⊕ PA(2)/Soc(PA(2)),) is
standardly stratified.
Claim 2. There exists no loop at the vertex 1 and there is only one arrow from 2 to 1 in Q.
Since Soc2(PA(2))/Soc(PA(2))  Soc(PA¯(2)) = Soc(∆A¯(2))  SA¯(2) is simple and
A is self-injective and Soc(PA(2))  SA(1), it is easy to see that the claim is true.Claim 3. There is only one arrow from 1 to 2 in Q.
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exact sequence
0 → rad(PA¯(1))→ PA¯(1) → SA¯(1) → 0
where rad(PA¯(1)) ∈F(∆A¯(2)). Since Soc(PA¯(1)) = Soc(PA(1)) is simple and
Ext1
A¯
(
∆A¯(2),∆A¯(2)
)= 0,
we have that [PA¯(1) : ∆A¯(2)] = 1. Then rad(PA¯(1))  ∆A¯(2), that is, rad(PA(1)) 
PA(2)/Soc(PA(2)). And moreover Top(rad(PA¯(1)))  Top(∆A¯(2))  SA¯(2) is simple.
Thus there is only one arrow from 1 to 2 in Q. 
Now we have seen that, in Case 1, A is an algebra in (iii) or (iv). Next we consider the
other case.
Case 2. S  SA(n).
In this case, we distinguish the two cases: m 
= n or m = n. And we shall show that A
must be isomorphic to one of algebras in (iii) or (ii), respectively.
Proposition 4.10. Let A = kQop/I op be connected self-injective and not local. Assume
that S = Soc(PA(m))  SA(n) where m 
= n. If (A¯ = A/S,) is standardly stratified, then
Q is the quiver

 





. . . . . . . . .

	 


and rad2(A) = 0.
Proof. We claim that LL(PA(m)) = 2. Since m 
= n, we have that ∆A¯(n) = PA¯(n) =
PA(n). If there is some i < n such that [PA¯(i) : ∆A¯(n)] 
= 0, then there is a monomorphism
PA(n) = ∆A¯(n) ↪→ PA¯(i). Note that PA(n) is injective and PA¯(i) is indecomposable
as A-modules, we can get that Top(PA(i)) = Top(PA¯(i))  Top(PA(n)). It is impossi-
ble since A is basic. Thus [PA¯(i) : ∆A¯(n)] = 0 for any i < n. Then [PA¯(i) : SA¯(n)] = 0
for any i < n, that is, [PA(i) : SA(n)] = 0 for i 
= m and n, and [PA(m) : SA(n)] = 1.
As Soc(PA(m))  SA(n), we have that [PA(m) : SA(j)] = 0 for j 
= m and n, and
PA¯(m) ∈F(SA¯(m)). Therefore there exists an arrow from m to n in the quiver Q and more-
over, Top(rad(PA(m))) ⊇ SA(n). And note that Soc(PA(m))  SA(n), then PA(m) = mn .
Since A is connected self-injective and PA(m) is an indecomposable projective
A-module of length 2, we have that PA(i) has length 2 for each 1 i  n by Lemma 4.8.
Then rad2(A) = 0. Because A is connected self-injective, A must be isomorphic to one of
algebras in (iii). 
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= n, then A is isomorphic to one algebra in (iii).
By the following proposition we will see that if m = n then A is in (ii).
Proposition 4.11. Let A = kQop/I op be connected self-injective and not local. Assume
that S = Soc(PA(n))  SA(n). If (A¯ = A/S,) is standardly stratified, then A is weakly
symmetric and the quiver Q is
   . . . . . .



 


α1 α2 αn−1
β2,1
...
β2,l2
β1,1
...
β1,l1
βn−1,1
...
βn−1,ln−1
1 2 3 n−1 n



···
γ1
γl
n 2, l  0,
l1, . . . , ln−1 ∈ N,
,
and the admissible ideal I contains the ideal 〈γiα1, β1,sγi ,1  i  l,1  s  l1;
αiαi+1, βi+1,sβi,t ,1  i  n − 2,1  s  li+1,1  t  li〉 such that PA(i)αopi−1 
PA(i)/PA(i + 1)αopi for 2 i  n − 1 and PA(n)αopn−1  PA(n)/Soc(PA(n)).
Proof. The proof is divided into seven steps. In steps (1)–(3), we will study the compo-
sition factors of standard modules of A¯ and the ∆-filtration of indecomposable projective
A¯-modules. In the following steps, we will study the quiver and relations of A to finish the
proof.
(1) Claim. There exists a unique l0 < n such that PA(n) ∈F(SA(l0), SA(n)), and there
is no arrow from i to n and no arrow from n to i in Q unless i = l0.
Since A is connected, there exists an arrow from i to n or an arrow from n to j for
some i, j < n. As PA(n) is injective as A-module and Soc(PA(n))  SA(n), it is easy to
see that there exists l0 < n such that [PA(n) : SA(l0)] 
= 0, that is, [PA¯(n) : SA¯(l0)] 
= 0 and
moreover, we have that [PA(l0) : SA(n)] 
= 0, that is, [PA¯(l0) : SA¯(n)] 
= 0. Hence [PA¯(l0) :
∆A¯(n)] 
= 0 because (A¯,) is standardly stratified. By the ∆-filtration of PA¯(l0), we get
that Soc(PA¯(l0))  Soc(∆A¯(n)), that is, Soc(PA(l0))  Soc2(PA(n))/Soc(PA(n)). Since
A is basic self-injective, such l0 is unique. Thus [∆A¯(n) : SA¯(i)] = [PA¯(n) : SA¯(i)] 
= 0
if and only if i = n or l0. Because Soc(PA¯(l0)) = Soc(PA(l0)) 
 Soc(PA(n)) = SA(n),
we can see that Soc(PA¯(l0))  Soc(PA(l0))  Soc2(PA(n))/Soc(PA(n)) = SA(l0). There-
fore, PA(n) ∈ F(SA(l0), SA(n)). In particular, there is no arrow from i to n and no arrow
from n to i in Q unless i = l0, since A is self-injective.
(2) Claim. l0 = n − 1 and Soc(PA(n − 1))  SA(n − 1).
Otherwise, we have that ∆A¯(n − 1) = PA¯(n − 1) is projective. Arguing similarly as
the proof of Lemma 4.4, we get that [PA¯(i) : ∆A¯(n − 1)] = 0 for any i < n − 1. As[∆A¯(n) : SA¯(n − 1)] = [PA¯(n) : SA¯(n − 1)] = 0, we see that [PA¯(i) : SA¯(n − 1)] = 0 for
any i < n − 1, that is, [PA(i) : SA(n − 1)] = 0 for i < n − 1. Since A is self-injective, we
have that Soc(PA(n − 1))  SA(n − 1) and moreover, [PA(n − 1) : SA(j)] = 0 for any
j < n − 1. Because A is connected, it is impossible that [PA(n − 1) : SA(j)] = 0 for any
j 
= n − 1. Thus [PA(n − 1) : SA(n)] 
= 0 and moreover [PA(n) : SA(n − 1)] 
= 0. By the
uniqueness of l0, it is a contradictory. Then l0 = n − 1.
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= 0 if and only
if j = i + 1 or i; and there are short exact sequences
0 → ∆A¯(i + 1) → PA¯(i) → ∆A¯(i) → 0,
where 1 i  n − 1. In particular, A is weakly symmetric.
By steps (1)–(2), we get that Soc(∆A¯(n))  Soc(PA¯(n − 1))  SA¯(n − 1) and PA(n) ∈
F(SA(n − 1), SA(n)). Since Soc(PA¯(n − 1)) is simple and Ext1A¯(∆A¯(n),∆A¯(n)) = 0, we
see that [PA¯(n − 1) : ∆A¯(n)] = 1. In particular, we get the following short exact sequence
0 → ∆A¯(n) → PA¯(n − 1) → ∆A¯(n − 1) → 0,
where [∆A¯(n) : SA¯(j)] 
= 0 if and only if j = n or n − 1.
Assume n − 1 
= 1. Similarly as the argument of step (1), there exists some l1 < n − 1
such that [PA(n − 1) : SA(l1)] 
= 0. Thus [PA(l1) : SA(n − 1)] 
= 0, that is, [PA¯(l1) :
SA¯(n − 1)] 
= 0. Since [PA¯(l1) : SA¯(n)] = 0 by the proof of step (1), we have that[PA¯(l1) : ∆A¯(n − 1)] 
= 0. Similarly as the argument of step (2) and the above argument,
we can get that l1 = n − 2, Soc(∆A¯(n − 1))  Soc(PA¯(n − 2))  SA¯(n − 2) and the short
exact sequence
0 → ∆A¯(n − 1) → PA¯(n − 2) → ∆A¯(n − 2) → 0,
where [∆A¯(n − 1) : SA¯(j)] 
= 0 if and only if j = n − 1 or n − 2.
Repeating the above argument, we show that the claim is true.
(4) Claim. For any 1 i < j  n, there is an arrow from i to j if and only if j = i + 1,
if and only if there is an arrow from j to i. And there is only one arrow from i to i + 1 for
1 i < n.
By step (3), we have that [PA(1) : SA(j)] 
= 0 if and only if j = 1 or 2; [PA(i) :
SA(j)] 
= 0 if and only if j = i−1, i or i+1 for any 2 i  n−1; and [PA(n) : SA(j)] 
= 0
if and only if j = n − 1 or j = n. Then for each 1 i  n, if j 
= i − 1, i and i + 1 then
any path from i to j belongs to the ideal I . Hence for any 1  i  n, there is no arrow
from i to j if j 
= i − 1, i and i + 1 in Q. In particular, there is no arrow from i − 1 to
i + 1 and no arrow from i + 1 to i − 1 in Q. Then by the composition factors of inde-
composable projective A-modules, there must be arrows from i to i + 1 and arrows from
i + 1 to i for any 1 i  n− 1 in Q. Moreover, there is only one arrow from i to i + 1 by
[PA¯(i) : ∆A¯(i + 1)] = 1 for 1 i  n − 1 and we assume that the arrow is αi .
(5) Claim. There is no loop at the vertices i in Q, where 2 i  n.
By step (1) and (2), we have known that there is no loop at the vertex n.
Assume n−1 
= 1 and there is a loop γ at the vertex n−1. Since A is weakly symmetric
and A¯ is standardly stratified, by the Loewy diagrams of PA(n−1) and PA(n), there exists
a path I 
 pγαn−1 from n to itself such that pγβ ∈ I for any β 
= αn−1 in the quiver Q
and Aαopn−1γ oppop = Soc(PA(n)) because Soc(∆A¯(n − 1))  SA¯(n − 2). In particular, we
have γ αn−1 /∈ I . Since [PA¯(n − 1) : ∆A¯(n)] = 1, there is a path q with s(q) = t (q) = n
such that γ αn−1 − αn−1qαn−1 ∈ I .
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op
−→ PA(n) of A-modules. Consider the submod-
ule Imf of PA(n). We see that Soc(Imf )  Soc(PA(n − 1)/kerf ) is not simple. Hence
Soc(PA(n)) is not simple. It is a contradiction. Then there is no loop at the vertex n − 1.
Similarly, we can prove that there is no loop at the vertex i for i 
= 1.
(6) Claim. γ α1 ∈ I and βγ ∈ I for any loop γ at the vertex 1 (of course, such loop may
not exist) and any arrow β from 2 to 1 in Q.
If γ α1 /∈ I , then there is a path q such that γ α1 − α1qα1 ∈ I by the step (3). Similarly
as the argument of step (5), we know that it is impossible. Then γ α1 ∈ I .
And since Soc(PA(2))  SA(2), we have that βγ ∈ I for any arrow β from 2 to 1.
(7) By the result of steps (4)–(6) and the proof of step (4), we know that Q must be the
following
   . . . . . .



 


α1 α2 αn−1
β2,1
...
β2,l2
β1,1
...
β1,l1
βn−1,1
...
βn−1,ln−1
1 2 3 n−1 n



···
γ1
γl
n 2, l  0,
l1, . . . , ln−1 ∈ N,
,
and the ideal I must contain the ideal 〈γiα1, β1,sγi , 1 i  l, 1 s  l1; αiαi+1, βi+1,sβi,t ,
1  i  n − 2, 1  s  li+1, 1  t  li〉. Since A is self-injective and A¯ is standardly
stratified, it is easily to see that H(PA¯(i))  rad(∆A¯(i)) ⊕ ∆A¯(i + 1)/Soc(∆A¯(i + 1))
for all 1  i  n − 1, that is, H(PA(i)) = rad(∆A(i)) ⊕ ∆A(i + 1)/Soc(∆A(i + 1)) for
1 i  n − 2 and H(PA(n − 1)) = rad(∆A(n − 1)) ⊕ PA(n)/Soc2(PA(n)).
By the trace filtration of PA¯(i), we get that
∆A¯(i + 1)  tracePA¯(i+1) PA¯(i) = PA¯(i + 1)α
op
i and
∆A¯(i) = PA¯(i)/PA¯(i + 1)αopi for all 1 i < n.
Then we get that PA¯(i)α
op
i−1  PA¯(i)/PA¯(i + 1)αopi for all 1 < i < n, and PA(n)αopn−1 
PA(n)/Soc(PA(n)). 
The following example, which satisfies the conditions of Proposition 4.11, shows that
the endomorphism algebras in Theorem 1.1 may not be quasi-hereditary.
Example 4.12. Let A = kQop/I op be given by the quiver Q:
  


β1
β2
α1
α2
δ

1 2 3


γ
the ideal I = 〈β1α1β2, β2α1β1, γ 3, δα2δ,α1α2, δβ1, δβ2, β1γ,β2γ, γ α1, γ 2 − α1β1α1β1,
β1α1β1 − β2α2β2, α2δ − β1α1β1α1〉. Then the Loewy diagrams of indecomposable pro-
jective A-modules are as the following:
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1 2 3

α1




γ

β2


β1 




α2

δ
2 1 1 2

β1

β2

α1

α1

α2
1 1 1 2 2 3 3





γ

α1

α1 
β1 
β2 




δ2 2 1

β1

 β2 
α1
1 2
Let S = S(3). It is easy to check that E is standardly stratified and is not properly
stratified.
By Propositions 3.1, 4.7, 4.9, 4.10, and 4.11, we have proved the necessity of Theo-
rem 1.1.
5. Proof of the sufficiency
In this section, we prove the sufficiency of Theorem 1.1. By the following lemma, it is
enough to show that A¯ is standardly stratified.
Lemma 5.1. Suppose that A is a basic connected self-injective k-algebra, where k is an
algebraically closed field. If there is a simple A-module S such that A¯ = A/S is standardly
stratified, then E = EndA(A ⊕ S) is also standardly stratified.
Proof. First we give some notations. We write A as AA = PA(1) ⊕ · · · ⊕ PA(n), where
PA(i) are indecomposable A-modules for all 1 i  n. Let ρi denote the canonical pro-
jection A ⊕ S → PA(i), λi denote the canonical injection PA(i) ↪→ A for 1  i  n and
let λ = (1,0) : A ↪→ A ⊕ S. Let
ei = ρiλiλ and en+1 =
(
0 0
0 1
)
:A ⊕ S → A ⊕ S.
Then (e1, . . . , en, en+1) is a complete sequence of primitive orthogonal idempotents and
HomE(Een+1,Eej )  HomA(S,PA(j)) for all 1 j  n. Choose t and m such that S =
Soc(PA(m))  SA(t), then HomE(Een+1,Eej ) = 0 for j 
= m and dimk HomE(Een+1,
Eem) = 1.
We claim that any non-zero morphism in HomE(Een+1,Eem) is injective. Assume that
g : S ↪→ PA(m) is the canonical injection. And we define a morphism
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f ′ 	→ f ′g.
Then f is a monomorphism. Since dimk HomE(Een+1,Eem) = 1, then any non-zero mor-
phism in HomE(Een+1,Eem) is injective.
Then Een+1Eej = 0 for j 
= m and Een+1Eem  Een+1. Thus
Een+1E ∈F
(
∆E(n + 1)
)
.
Recall that E/Een+1E  A/S = A¯ is standardly stratified. Hence E is standardly stratified
also. 
Using the lemma, we give the proof of the sufficiency.
Proof of the sufficiency. By Lemma 5.1, we only need to show that there is a simple
A-module S such that A¯ = A/S is standardly stratified.
For an algebra A which is isomorphic to one of algebras in (i), (iii) and (iv) of the list,
let S = SA(1). It is easily to check that A¯ = A/S is standardly stratified.
For an algebra A which is isomorphic to one of algebras in (ii), let S = SA(n), then
∆A¯(n) = PA(n)/Soc
(
PA(n)
) PA(n)αopn−1  PA¯(n)αopn−1.
Note that PA(n − 1)/PA(n)αopn−1  PA(n − 1)αopn−2, that is, PA¯(n − 1)/PA¯(n)αopn−1 
PA¯(n − 1)αopn−2. Thus ∆A¯(n − 1)  PA¯(n − 1)αopn−2 and there is an exact sequence
0 → ∆A¯(n) → PA¯(n − 1) → ∆A¯(n − 1) → 0.
Arguing similarly as above, we get that the short exact sequences
0 → ∆A¯(i + 1) → PA¯(i) → ∆A¯(i) → 0
for all 1 i < n. Then A¯ is standardly stratified. 
Thus we finish the proof of Theorem 1.1.
The class of properly stratified algebras is a proper subclass of the class of standardly
stratified algebras. Many standardly stratified algebras which arise in the representation
theory of complex Lie algebras are properly stratified. And the definition of properly strat-
ified algebras is left-right symmetric. If the endomorphism algebra E is properly stratified,
then we can say more on the structure of self-injective algebra A. As a corollary of Theo-
rem 1.1, we give the following result.
Corollary 5.2. Suppose that A is a basic connected self-injective k-algebra, where k is
an algebraically closed field. Then there is a simple A-module S such that EndA(A ⊕ S)
is properly stratified if and only if A is isomorphic to one of the following three kinds of
algebras:
70 D. Wen / Journal of Algebra 291 (2005) 55–71(i′) a local self-injective algebra;
(ii′) a self-injective algebra given by the quiver Q:
    . . . . . .  
α1 α2 αn−1
β2β1 βn−11 2 3 n−1 n
, n 2,



···
γ1
γl
with an admissible ideal I such that the ideal 〈γjα1, β1γj , where 1 j  l〉 ⊂ I and
I ∩ 〈αi,βi,1 i  n − 1〉 = 〈αiαi+1, βi+1βi, (αi+1βi+1)li+1 − (βiαi)li , (α1β1)l1α1,
(βn−1αn−1)ln−1βn−1,1 i  n − 2〉 where li  1 for all 1 i  n − 1;
(iii′) an algebra B given by the quiver:

 





. . . . . . . . .

	 


with rad2(B) = 0.
Sketch of the proof. (1) The sufficiency is easy to see.
(2) Now we prove the necessity. Note that EndA(A ⊕ S) is standardly stratified. By
Theorem 1.1, A must be in the list (i)–(iv). Since the socle of each standard A¯-module is
simple, we get that the socle of each proper standard A¯-module is simple. Hence we can
show that A must be in (i′), (ii′), or (iii′). 
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